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Abstract 

In view of a previous work, we explicitly give the Poincare polinomials of 19 Hyperbolic 
Lie algebras of rank 3. It is seen that every one of these polinomials is expressed as the 
ratio of Poincare polinomial of Lie algebra and a polinomial of finite degree. 
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I. INTRODUCTION 

In a previous work [1], we have shown that Poincare pohnomials of Hyperbohc Lie 
algebras are expressed as the ratio of Poincare pohnomial of a properly chosen finite Lie 
algebra and a polinomial of some finite degree. In view of the fact that there is only a 
finite number of this type of Lie algebras [2] , we now present the case for rank 3 for which 
we have 19 different ones. It is interesting to note that Lie algebra plays a central role 
here. 

For a brief summary of our method which is presented in [1] in detail, we note that 
Poincare polinomials[3] could be defined as being in relation with Weyl groups. Let us 
consider 

oo 

p{t) ^ Yl ^(^) 

n=0 

as Poincare polinomial of a Kac-Moody Lie algebra [4] Gr of rank r where t is some 
indeterminate. q(n) here is the number of Weyl group elements which are defined as 
products of n simple Weyl reflections. Let W{Gr) be the Weyl group, p Weyl vector and 
ccj's be the simple rots of Gr where z = 1, 2 ... r. As is given in [1], our main objective to 
obtain q(n) is then simply the statement that 

7 = p-E(p) (I.l) 

is unique for each and every element S G W(Gr)- Note that 7 is by definition an element 
of positive root lattice. Beside the set F*^ which consists of zero root solely, the set 

F^ = {Q;i,a2, ■ • ■ ,Q;r} 

contains the first r+1 solutions of (I.l) and P-*^ corresponds by definition to simple Weyl 
refiections. All these are related with the fact that q{0) = 1 and also q{l) = r as a result 
of 

q{0) = dimV'^ 

and 

g(l) = dimV^ 

where rfzmP" means the number of elements for any P" which corresponds to Weyl group 
elements consisting of products of n simple Weyl refiections. One can readly see that all 
the sets P" of solutions of (I.l) are to be constructed recursively from P-*^. Our results will 
be presented for 19 Hyperbolic Lie algebras of rank 3 in the next section. 
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II. RANK THREE CLASSIFICATION 



Let Ti.^ be one of the 19 Hyperbolic Lie algebra of rank 3 as given in [2] 
where s = l,2,...19. Our main observation here is 



Qs{t) 



(//.I) 



for Poincare polinomial P^{t) of W where PBsit) is the Poincare polinomial of Lie 
algebra and Qs{t) is a polinomial of some finite degree of indeterminate t. Bs here is 
defined by the diagram 



o 



and the polinomials Qs{t) will be given as in the following: 

V > O = (1+0 (i+t') (i-t+t') (i-t''-t'') 




2 .1-, 





= (i+oa-^+^^)(i+^ +^^)(i-^-^^ -^^) 




Q, = (i+t)(\+n(^-^-^'-^') 




n \ Q n =(i+^)(i_;+^2^(i+;+^2^(i_^_^5) 



3~ ^ ~0 Q^=(i+t)(\+t^)(\-t+P)(\-t-t')(i+t+t^) 




2 ,3> 
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<^^'' 

Let us finally note that one could ask, beside (I.l), if there is an alternative form, for 
instance 

P-it) . ^ (//.2) 

where P{Az) is Poincare polinomial of Lie algebra and Rs{tys are some other set of 
polinomials of some finite order. We also studied this problem and find that one can find 
solutions except s=8,9,13,14 hence S3 is unique for this instance. 
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